The Computation of B-Splines

Product Rule for Divided Differences.
Suppose t; < tiy < - < tigr. Assume further that the function f(t) = g(t)h(t) is a product

of two functions that are sufficiently often differentiable at t =+t;, j =i,...,i+k, Then

i+ k

tz‘+1 g[tﬁ_ 1]- ti+1

tivk | 9ltivk] Litk




renormalize the B-splines B; ,.(x)

. B (r .
4'“\'?;\1..{;'{?) = L() = f; 1[1‘,'4;_, f‘z'+1_u . Efi_l_-p],
tivr — T4
Forr = 2 and t; < t,,,:
i} Tr—t; i} Livy — 2
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Livr —1; itr — L

PRrOOF. Suppose first = # t; for all j.

M) =t —2) 7 = (t—2)(t—2) 77 = g(t) f172(1).

Q[fi] =1t; —r, Q‘[f-é,fi_kl] =1, g[tq, . ,tj;] =0 for j=i4 1,
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To show this, let x be given. Then there is a t; € t with #; < x <1, ;.

we know B, ,.(z) = 0 for all ¢, r with = & [t;,t,1,], i.e.,

for i < j —r and for i > j 4+ 1. Therefore, in the following tableau of

B; . .= B; .(x), the B; , vanish at the positions denoted by 0:

0 0 0
0 0 Bj:_gﬁl
0 Bi_23 Bj_o4
Bi_12 Bj_1s Bj_1.4
Bj.l B__;".,Z Bj.?. Jgh;l'.sl_-
0 0 0 0

e T o I s [

Bi,r—l

Bi+1,1‘— 1

— Bz',-r-



This method is numerically verv stable because only nonnegative multiples
of nonnegative numbers are added together.

Exampre. For t; =i,¢ =0, 1, ... and = = 3.5 € [t3, t4] the following tableau of
values B;, = B; (x) is obtained.

r = 1 2 3 4
i= 0] 0 0 0 1/48
1 = 1 0 0 1/8 23/48
i = 2 0 1/2 6/8 23/48
i= 3 | 1 1/2 1/8 1/48
i= 4]0 0 0 0
For instance, Bs 4 is obtained from
3.5—2 6 6-35 1 23
B>y =18 3.5 = . — Lo =22
24= 52430 = o et Ty R T I8



interpolation problem for spline functions,

t=(ti)1<igsNr t) Sle <+ SN t; <tiprfori=1,2 ..., N.
Bi(x) =B 4(x),i=1,...,N. the associated B-splines,
N
&ﬁz{E:mBﬁﬂunem}
i=1

given N pairs (£, f;). 7 =1, ..., N, of interpolation points

§1 <& <--- <&

These are the data for the interpolation problem of finding a function S &
S, ¢ satisfying

SE)=1f;. j=L...,N.

Since any S € &, ¢ can be written as a linear combination of the B;, i =1,
., N, this is equivalent to the problem of solving the linear equations

N

N wBi&)=f, j=1,...,N.

i=1



Bl{fljl B_-"'-."'iflj:'
A= : :

Bl{.i.-"'."::' . By(én)

within the jth row of A all elements B (£ j)with ;. < & ort; > &; are zero.

each row of A contains at most r elements different from 0,

Theorem. The matriz A = (B;(&;)) of (2.4.5.6) is nonsingular
if and only if all its diagonal elements B;(&;) # 0 are nonzero.

It is possible to show [see Karlin (1968)] that the matrix A is totally
positive in the following sense: all r x r submatrices B of A of the form

B ={(ai,j,)pg=1 With r =1 iy <ig <. <ip, J1 <jz < o0 <y,

have a nonnegative determinant, det(B) = 0.

Gaussian elimination without piveting is numerically stable [see de Boor and Pinkus (1977)].



Topics in Integration

]
f flx)dz,
The Integration Formulas of Newton and Cotes
|a, bl ri=a+ih, 1=0,1, ..., n, h:=(b—a)/n,n > 0 integer,
F. 1interpolating polynomial of degree n or less

P.x;)=fi==flz;) for i=0,1, ..., n

Lagrange’s interpolation formula

Po(x)= Y fili(x). Li(z) =[] —/=%.
=0

[
t—k
introducing the new variable £ such that »r = a4+ It = Li(x) = @4(t) := | | —
u!- - ®
k=0
[



Integration gives

=0
th‘f«;ﬂi
It n = 2 for instance, then -
2 2
t—1t—2 1 1/8 12 1
g =[] —— dt== [ (t?=3t42)dt="=-—-Z44)==,
Jo 0—10-2 2 Jq ’ 2\3 2 3
Pt-0t—2
iy =

2 ;
Jo 1—01-2 Ja 3 3

2 2
F_0t—1 1 1/8 4\ 1
= _— it = — ?fz—tdf-:— — — | =
2= 2 702-1 zﬂ( ) 2( )

b n
/ Fa(z)dr = hZfzﬂ'z', fi= fla+ih), h:= b a?

T

vy ::/ o, (t)dt
Jo

depend solely on n

b h
/ Py(r)dr = S(fo +4f1 + f2)

Simpson’s rule.

T

E ; = 1.

=0




b—a

T

b T
/ P (x)dr =h>  fios  fii= fla+ih), h:=
e =0

i

E x; = M.

=0

If s is a common denominator for the fractional weights «; so that the
numbers
g, =80, =01, ..., n,
are integers, then

mn

b n
f P.(z)dz=h) _ fio; = hn_;’ D ol
@ i=0 '

For sufficiently smooth functions f(z) on the closed interval [a,b] it can
be shown [see Steffensen (1950)] that the approximation error may be ex-
pressed as follows:

b b
/ P, (z)dx — / flz)yde = hPH K- fP)(€), & € (a,b).




T; ne Error Name

= W b

o

1 1 2 h-all—g (2 (&) Trapezoidal rule
1 4 1 6 h-sgl—,jf[:{]{fj Simpson’s rule

1 3 3 1 R R 3/8&-rule

7T 3212 32 7 90 R g f®€)  Milne’s rule

19 75 50 50 75 19 288 KT AL 6 () -

41 216 27 272 27 216 41 840 A= f® (&)  Weddle's rule




integration rules may be found by Hermite interpolation P € J7,,

P(a) = f(a), P'(a)=f(a),

a=0b=1.
P(b) = f(b), P'(b)=f'(b) -

Pell,
P(t) = FO)(t — 1)? + 20t — 1] + FDF* — 263(¢ — 1)

FF0)E(E — 1) 4+ f(D)E(E = 1),

integration of which gives

1
fD P(t)dt = 1(£(0) + £(1)) + S(/'(0) — £'(1)).

_ 2

b
/ flr)dr = M(h) := g(f(a) + f(b)) + %{f’(a] —fi(b)). h:=b-a

i

If f € C*a,b] then

—h°

(4) ()
S f©, €@, hi=(b-a)

b
M(h) — [ fx)de =



Composite Rule e

The trapezoidal rule (n = 1) e b /-—- sooe o
7 h[f( V4 £( ) r;, =a+ih,i=01 ..., N,
i = = xr; + xIr;
2 o hi=(b—a)/N

For the entire interval [a, b], we obtain the approximation trapezoidal sum

-— f(a) ()

T(h):= Z I, =h [T + fla+h)+ fla+2h)+---+ f(b—h) +T ?
i=0

In each subinterval [z;, zi41] | assuming f € C?[a, b]:

T hB
I — / " fayir = fOE), &€ @),



Summing these individual error terms gives

p3 N1 N—

b
T{h}—[ f{;r}d;r_ Zf'z fﬂ— b—a ?: ijz.

Since
1 N—1
min /2(6) < 5 3 1(6) < max (6
and f'?)(z) is continuous, there exists £ € [min&;, max&;] C (a,b) with

N—

£@)(¢) i anzzzl

Thus
T(h) - ffﬂdr_ D=2 @)(g), &€ (a,b).

I

h?. order 2



If N is even, then Simpson’s rule may be applied to each subinterval
[Iﬂi'.- I2i+2]: i = U! 1.1 R (hr/g)_l!

[IZiv -'1-'2i+2]

S
(h/3)(f(x2:) +4f(r2ip1) + flr2i12)).

Summing these N/2 approximations results in the composite version of Simpson’s rule

S(h) = g[f{a} L Af(adh) +2f(a+2Rh) +Af(a+3h) 4 +2f(b—2h) +4f(b—

The error of S(h) is the sum of all N/2 individual errors

b 5 (N/2)- 1 N/z)-1
h h* b —a 2
S(h) — /ﬂ f(a)de = o ; &) =553 Z: V(&)
we conclude that f e Ca,b].
h—a

RFOE), &< (ab),

S(h) /f r)dr = 150

order 4.

h)+ f(b)],



Extending the rule of integration M(h)

11 “interior” derivatives f'(x;), 0 < i < N, cancel.
/ fle)dzr for i=0.1,...,N —1
)

i i

h?

=T(h) + —[f'(a) — f'(b)]
12
x correction to the trapezoidal sum T'(h).

h? '
| + 350 - o)

b
U - [ fade = =281 V@), Ee@h). el

T(h):=h[Zfla)+ Lfa+h)+ fla+2h)+ -+ f(b—2h) + Bf(b—h)+ Sf(b)].

order 3




Peano’s Error Representation

All integration rules considered so far are of the form

I i Mg

I(f): Zﬂmﬂ?m +Za;1f“u +Zﬂmf”’ (Zhen)-

The integration error
) b
=1I(f)— [ flx)dx

Rlaf+ 3g)=aR(f)+ BR(g) for f,geV, a,felR

is a linear operator

V =11,,
V =C"a,b],



Theorem. Suppose R(P) = 0 holds for all polynomials P € II,,,

that is, every polynomial whose degree does not exceed n is integrated ex-
actly. Then for all functions f € C"a,b],

b
R = [ 170K (@

where

— )" forx >t,

K(t) := %RT[@: -t (x-1)] = {E{r forz < t,

and
R[(x— 1)
denotes the error of (x —1t)" when the latter is considered as a function in
T.
The function K (f) is called the Peano kernel of the operator R.



1
Simpson’s rule R(f)=3f(—1)+2f(0)+1f(1)— / flz)dz.
~1

P € [I; is integrated exactly.

proof. let () € IIz be the polynomial with
P(-1) = Q(-1), P(0) = Q(0), P(+1) = Q(+1).

Putting S(x) := P(x) — Q(x), we have R(P) = R(S).

degree of S(x) is no greater then 3,
S(r) =a(z?* — 1)z,
S(x) has the three roots —1, 0, 41,

1
R(P) = R(S) = —a [ r(z? — 1)dz = 0. W

1

Thus Theorem can be applied with n = 3. The Peano kernel becomes

K() = 4Rl — 1] = 4 [H(-1- 0% + 30 - 0 + 30— 02



By definition of (z — ¢)7}, we find that for ¢t € [—1,1]

1 1 4
f (;r—t}f‘rd;r:f (z — t)%de = (1_45'} ?
— ¢

1

(-1-Hi=0, 1-t}=01-1°

[0 ift>0,
( ﬂ+_{—t3 if t < 0.

The Peano kernel for Simpson’s rule in the interval [—1,1] is then

L(1—1t)3 : ifo<t<
f‘f(f)z{’?{l )13 (143t) ifo<t<l,
K(—t) if —1<t<0.



Proor or THEOREM. Consider the Taylor expansion of f(x) at = = a:

f(n]l ((L)

n!

flz) = fla)+ fla)(z —a)+--- +

(r—a)™ +r,(x).

T b
r, Ii.?_‘“:l _ ?_L / f|:n+1:|“__}{;r . f-::lﬂdf _ ;11 [ f|:ﬂ+1:|{i){;'£.‘ B f‘:l:l_d?f

R(f(x) =R(f(a))+R(f'(a)(z —a))+ -+ r(f"™(@)

W '
since R(P) =0 for F € I1,,.

0

(r—a))" +R(r(x))

Change order



we show first that

{/ f‘”“'ﬂr—ﬂ”dt] /f‘”“ [d;[{r—tji]]dt 1

VAN
=
VAN

(x — 1) is n — 1 times continuously differentiable, == For k < n itis true.

Proof for the case k =n .

For k = n — 1 we have

dﬂ_l b (1) b ) dn—l
g /ﬂ FUTH ) (@ — )] dt =f¢ flnt :'(?f)dxﬂ_l[(;r—t)i]dt

and therefore
dn 1
— /f'”“ (t)(x —t)Ldt _n'f FOrU(t)(z—t)yd
?ﬂ
— -n.!f FUTU () (x — t)dt.

\_//

differentiable as a function of r.




dr— 1
= & i f o) (- 1)t

:—ﬂf FOD ) (@ — tdt
=l f) (2) (2 +m/ FOU (t)dt

[l

{r—ﬂ”]dt. ]

Thus the differential operators

commute with integration. Because I( f) = I.(f) is a linear combination of
differential operators, it also commutes with integration.



Finally the continuity properties of the integrand f" Y (t)(z — )" are
such that the following two integrations can be interchanged:

b b b b
/ V f'i”“?'(tj(m—tjﬂdt] d;r:f FrrU() U {;r—t}"id;r] dt.

This then shows the entire operator R, commutes with integration, and we
obtain the desired result

b
R(f) = [ FOR(@ -0 g



For a surprisingly large class of integration rules, the Peano kernel K(t)
has constant sign on [a, b]. In this case, the mean-value theorem of integral
caleulus gives

b
R(f) = f':”“:'(cf}/ K(t)dt for some & € (a,b).

The above integral of K(t) does not depend on f, and can therefore be
determined by applying R, for instance, to the polynomial f(z) := 2"+,

This gives

R(Iﬂ'-'_ 1)

m‘f(”“:‘ (&) for some & € (a,b).

R(f) =



In the case of Simpson’s rule, K(t) = 0 for —1 < ¢ < 1.

RaY) 1/, 4o L 1
1l ZE(E'I'FE'D"‘E'I_'/_II{& = —.

error of Simpson’s formula
f{ 1‘;+3f{ / f(t)dt = (g) £ € (a,b).

P € I, it n is odd,

Newton-Cotes formulas of degree n 1s exactfor “—__ p IT,41 if 7 is even

The Peano kernels for the Newton-Cotes formulas are of constant sign.

Steffensen (1950)

n+1
%%:ﬁ%f“m@L if 1 is odd,
Rn{f) = ( ﬂ+2\:| 5 [ (ﬂ:? E}),_.
#‘))"f'”ﬂ'(f}? if n is even.



R(f) = 2#(a) + F0) + = (/@)

(b)) — /f

vanishes for all polynomials P € II;.

For n = 3, Peano kernel:
. 1 3
K(t) = ZRu((z —t)})
1] n . h? , .. [ ;
= 53(@ =11+t + T(a— 1 0=t~ @t
B 1[h . h® | 1
= 5|50= 0"~ T 0-17 =30 t}}

b
=51 | FO00 -0 —vra =L

hh:=0b—a,




The Euler—Maclaurin Summation Formula

for = CET?1+2[D? 1]‘3

e

! 0 1) By | (91— (21—1)
[ ot =23 B30 B0 — g D)

BZ?'.-:+2 "
~ G O, 0<g<t

Here B, are the classical Bernoulli numbers

By = By=—2+, Bs=-., By=—=

1
E? 30 427 ETT R

fDI‘ q c CZm+2 [0.I ;'T\r'r]

N .
0

m B L . r
+Z ( ZI.{Q[EE 1[:[” _QHZE 1]{:\’\:')
=1

BZm 2 T m -
-~ (2m _|_+2Hi“\'g(2 = (£), 0<&<N.



q(N)
9

9(0)
2

]

il s
— (t)dt + 2= Ny — g2 =Y
[ oo+ 3 a0 — g0

BZm 2 r (Zm .
+ GEMENG @ (E), 0<E <N

+g(l)+---4+g(N-1)+

For a general uniform partition »; = a + éh, i =0, ..., N, 25 = b, of the
interval [a, 8],

e

m_[ fﬂdHZhﬂ zz‘a' FEI0) = 470 a)

B
2m+2 2m+2 . (2m+42) . B AT
Hh (2m + 2)! (b—a)f (£), a<&<b h=(b-a)/N,
where T'(h) denotes the trapezoidal sum
fla)
‘)

-

+ fla+h)+---+ f(

T(h) = h [ f E)h)



Properties of the Bernoulli polynomials

{

Ert ] B A 't'<2
28.1.1 =23 B.(@) T
23.1.2 B,=B,(0) n=0,1,...
1 1 1
23.1.3 Bgzl, B1='—§: BE=E: B4=-—'-3~ﬁ
a ,,___Bn+1(m+1)_Bn+1 m.n=1.2
23.1.4 E k= —) ' 1 %)
23*1‘5 B:’l-(x) =an-—l(1:) ﬂ:], 23 .
23.1.6 B,(z+1)—B.(@&)=nz""! n=0,1,..

23.1.7
Bu@+hy=2(}) B

23.1.8 Bn(l —:r.) — (__ UﬂB“(m)
23.1.9 (—1)*B.(—z)=B.(z)+n2""!

23.1.10
m-—1 k
B,(mz)=m*' 3 B, z+ﬁ)
k=0 m

n=0,1,...

n=0,1,...
-n=0,1,...

n=0,1,...

m=1,2,...




23.1.11 f B,(t)d ﬂ+1(“) B, +1.1(a)

n-+1
1 In!
o 1ym—1 min.:
23.1.12 LBu(t)Bm(t)dtu—( 1) )] +H)IBm+n
m,n=1, 2, ,
23.1.13  [By,|>|B(x)] n=1,2,..., 1>2>0

23.1.14

(2
(2:)1;2 (157> 0" Bura@)>0

ﬂ’—l 2 1 %>$>ﬂ
23.1.15

2(2n)! i . 20n)!
iy (=g > D™ B>

23.1.16
B, (@)=

23.1.17

BRn—l (I)=

23.1.18
.Bzﬂ(ﬂ:)=

n! & cos 2ake—imn)

(2 )nz

k=1

kn

n>1,122>0
n=1,1>z>0

(—1)"2(2n—1)! =, sin 2kwz

(211-)25*—1

(—1)""12(2n)!

(211-)211

El Fin—1

n>1,12z>0
n=1,1>z>0

= cos 2kra
=

n=1,2, ..

'y

12220




23.1.19
23.1.20

23.1.21

23.1.22

23.1.23

23.1.24

Bipt1=0 n=1,2, ...
By (0)=(—1)"B,(1)

=Bﬂ ’ TE-:O, 1, .
B.(3)=—(1—2'"%B, n=0,1, .

B,(})=(—1)"B.(})
=—2"7(1 --21‘*'j B,—n4-"E,. ,

n=1,2,...
B 2u(i)= B?n(%)
— 213" B, n=0,1,...
B;a(})=B:a(})

—2-1(1—21"2) (1—31-#) B,,
n=0,1,.

from:

Abramowitz, Stegun

Handbook of Mathematical Functions with
Formulas, Graphs, and Mathematical Tables




Properties of the Bernoulli polynomials
that we need in the proof of the Euler-Maclaurin Theorem

® B () = (n+1)By(z), n=0,1,2,...
tewt > ik
5 = ZBR(:.-:)E =  By(z)=1
: o !
d te® d — "
i EZB”(T)E
n=>0
fQFTt oo , f-n-}-l
et —1 2 Bl ZB”“ 1)
n=1
tevt = f”
et —1 ZBRH(T)(H—Fl)I
n=>0






by induction:

Bernoulli polynomials.

Bojy1(0) = Byyq(1) =0 forl >0, By = B(0)

Bernoulli numbers

Bi(0) = Bi(1) = By, for k> 1,  for even k.

This gives

1
1
f Bu(t)dt = ——(Biy1(1) — Bya(0)) =0 for k > 1.
0 rlt'—l—].



by induction: | (=1)" Bop_y(x)> 0 for 0 < o < 3,
b) (—1)™(Ban(x) — Bay)> 0 for 0 < o < 1,
c) (—1)™ 1B, > 0.

proof. (a) holds for m = 1. Suppose it holds for some m > 1. Then for 0 < = < I,

S (Ban(x) = Bas) = (<" f Bom_1(t)dt > 0. + | (=1)*By(1 — 2) = By(x).—3 (b)

0

(1)1 By, = (—1)" / (Bom(t) — Byy)dt >0, —3 (¢)

We must now prove (a) for m+1.

BEm +1(U) =0 H 7 between 0 and % Bﬂﬁl—l{f} - 0!
1
Bﬂ‘m+l(§ ) =0

in violation of the induction hypothesis.

The =ign of
Bopi(z)in 0 <z < % is equal to the sign of its first derivative at zero,

whose value is (2m + 1)B2,,(0) = (2m 4 1)Bs,,. The sign of the latter is
(_l)m+1 b}r (C}



Proor We will use integration by parts and successively de-

termine polynomials By(x), starting with By(x) = x — 1, such that

_[ﬂl g(t)dt = Bl(t)g(t)‘;— /ﬂl By (t)g'(t)dt.

/Bl{t)g’(t)dt:EBg{tjg’[t)dt‘D—E/ Bo(t)g"(t)dt,
0 =.Jo

1

1
k=1 (gt — LB, (gD (p| _L ()48
| B Vet = B Vo)~ [ Buta® oy,

where

B, (z)=(k+1)Bi(z). k=1,2, ...



Combining the first 2m + 1 relations we get

1 iy
. g(0)  g(1)) Ba (21—1) o (21-1) _
| attar= L2+ 55 + 3 GO0~ g W) + s

where the error term r,,; is given by the integral

Tm41 =

_1 1 i
CES | Benatg®m0t)at
S0

We use integration by parts once more to transform the error term:

1
2m 4+ 2

1 r \ 1
f Bam+ 1{t}gkzm+1’l{ﬂdt = (Bzm+2{t] - BET?1+2)9(2M+1)(5} 0
0

1
/ {BZm+2{t) - BZT?1+2}gkzm+2J{t]dt'
]

1
[ (BET?1+2{t} — Bzm+g)§(2m+2:| [:t‘:ldf
S0

1
L —
T (2m +2)!

(B2m42(t) — Bamt2) does not change its sign between 0 and 1.



Since the
function Bz, 42(r) — B2my2 does not change its sign in the interval of
integration, there exists £, 0 < £ < 1, such that

g[zrn+2}{£)

T'm —
T 2m 4 2)]

1
[ (Baia(t) — Bapso)dt.
S0

BEm +2 |:2ﬂ1 +2 :| (5—13

m 2m + 2)!
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